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Abstract
Given a metric space X and a Banach space (E,‖ · ‖) we study distances from the set of selectors Sel(F ) of a set-valued map
F :X → P(E) to the space B1(X,E) of Baire one functions from X into E. For this we introduce the d-τ -semioscillation of a
set-valued map with values in a topological space (Y, τ ) also endowed with a metric d. Being more precise we obtain that
d
(
Sel(F ),B1(X,E)
)
 2 osc∗w(F ),
where osc∗w(F ) is the ‖ · ‖-w-semioscillation of F . In particular, when F takes closed values and osc∗w(F ) = 0 we get that then
F has a Baire one selector: we point out that if F is weakly upper semicontinuous then osc∗w(F ) = 0 and therefore our results
strengthen a Srivatsa selection theorem when F takes closed set. We also obtain similar results when τ is the topology of conver-
gence on some boundary B or τ is the w∗ topology of a bidual Banach space.
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1. Introduction
In [11], Srivatsa proved that if F :X → P(E) is a set-valued map from a metric space X into a Banach space E
that is upper semicontinuous for the weak topology of E, then F has a Baire one selector, i.e., there exists a function
f :X → E such that f (x) ∈ F(x) for x ∈ X (selector) and f is the pointwise limit of a sequence of continuous
functions (f is Baire one). In particular, if h :X → E is a weakly continuous function, then h is ‖ · ‖-Baire one. In
[1], the author, together with B. Cascales and I. Namioka, proved a quantitative version of the latter: if X is a metric
space, E a Banach space and f :X → E∗∗ is a function then
d
(
f,B1(X,E)
)
 (3/2) sup
x∈X
osc
(
f (x)
)+ 2 sup
x∗∈BE∗
osc(x∗ ◦ f ),
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70 C. Angosto / Topology and its Applications 155 (2007) 69–81where f (x) is considered a function on (BE∗ ,w∗). Recall that if h :Y → (Z,d) is a map from a topological space to
a metric space, the oscillation of h at y is defined by
osc(h, y) := inf
U∈Uy
diamh(U),
where Uy denotes the family of neighborhood of y in Y . The oscillation of h in Y is defined by osc(h) :=
supY osc(h, y). Analogously the semioscillation of h at y is defined by
osc∗(h, y) := inf
U∈Uy
sup
z∈U
∣∣h(y)− h(z)∣∣
and the semioscillation of h is defined by osc∗(h) := supY osc∗(h, y).
The goal in this paper is to extend the result of [1] to the framework of set-valued maps and consequently to provide
a quantitative version of the above mentioned Srivatsa result for set-valued maps. For this we use tools developed
recently by Cascales, Marciszewski and Raja in [5] and tools developed in the 1990’s by Srivatsa in [11] and Jayne,
Orihuela, Pallarés and Vera in [10].
In Section 2 we define the notion of d-τ -semioscillation for a set-valued function F :X → P(Y ). This notion has
the following properties when d is stronger than τ :
(i) If F is a τ -upper semicontinuous map then the d-τ -semioscillation is 0.
(ii) If τ is a vector topology in a normed space and F(x) is τ -compact for x ∈ X then F is τ -upper semicontinuous
if and only if d-τ -semioscillation is 0, see Proposition 2.2.
(iii) If F is point-valued then F is continuous if and only if d-τ -semioscillation is 0.
(iv) If F is point-valued and τ is the topology induced by the metric, then the d-τ -semioscillation is equal to the
usual notion of semioscillation osc∗(F, x).
(v) If F is point-valued and (Y, τ ) is the bidual space of a Banach space with the w∗ topology or a space of functions
with the τp topology the d-τ -semioscillation coincides with the supremum of the “pointwise semioscillations”,
see Propositions 2.3 and 2.4.
In Section 3 we obtain estimates for distances between the sets of selectors of a set-valued map F :X → P(E)
and the space B1(X,E) where X is a metric space and E a Banach space. For this we use the ‖ · ‖-τ -semioscillation
of the map F for different topologies τ . Theorem 3.4 extends [1, Corollary 5.3] to set-valued maps using techniques
of Srivatsa [11]. Here we consider F with values in the bidual space of a Banach space and τ = w∗. Using ideas
from [10] we obtain in Theorem 3.7 a similar result when τ = σ(E,B) where B ⊂ BE∗ is a boundary such that
σ(X,B)-relatively countably compact bounded sets are weakly relatively compact.
In Section 4, Theorem 4.1 extends the above mentioned theorem of Srivatsa to the case where F only satisfies that
its w∗-semioscillation is 0 but requiring that the sets F(x) are closed. Again we obtain the analogous result when
τ = σ(E,B), see Theorem 4.3.
Notation and terminology. Most of the notation and terminology is standar, otherwise it is either explained here or
whenever it is needed: unexplained concepts and terminology can be found in the books [7] and [8]. We denote by
letters X,Y, . . . Hausdorff topological spaces. (E,‖ · ‖) is a Banach space (or simply E if ‖ · ‖ is tacitly assumed),
BE stands for the closed unit ball in E, E∗ for the dual space of E and E∗∗ for the bidual space of E; w is the weak
topology of a Banach space, w∗ is the weak∗ topology in the dual and if B ⊂ BE∗ , σ(E,B) is the topology of the
pointwise convergence in B .
The space EY is equipped with the product topology τp . In EY we also consider the standard supremum metric,
that is allowed to take the value +∞, i.e.,
d(f,g) = sup{‖f (x)− g(x)‖: x ∈ X}
for functions f,g :X → E. We let C(X) denote the space of all real continuous functions on X, and let B1(X,E)
denote the space of all E-valued functions of the first Baire class (Baire one functions), i.e., pointwise limits of
E-valued continuous functions. If F :X →P(Y ) is a set-valued map and A ⊂ X we denote
F(A) =
⋃{
F(x): x ∈ X}.
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d(A,B) = inf{d(a, b): a ∈ A,b ∈ B}.
2. τ -semioscillation in set-valued maps
Definition 1. Let X be a topological space, (Y, τ ) a topological space, d a metric in Y and F :X →P(Y ) a set-valued
map. We say that the map F has d-τ -semioscillation (τ -semioscillation if d is tacitly assumed) smaller than ε at x ∈ X
if for each τ -open subset V ⊂ Y such that {z ∈ Y : d(z,F (x)) ε} ⊂ V , there exists a neighborhood U of x in X such
that F(U) ⊂ V . Then we denote
d- osc∗τ (F, x) = inf{ε > 0: F has τ -semioscillation in x smaller than ε}.
The d-τ -semioscillation is defined as
d- osc∗τ (F ) = sup
x∈X
osc∗τ (F, x).
We denote osc∗τ (F, x) = d- osc∗τ (F, x) and osc∗τ (F ) = d- osc∗τ (F ) when d is tacitly assumed.
Remark 2.1. If (Y,‖ · ‖) is a normed space and τ is any topology on Y , then ‖ · ‖-osc∗τ (F, x) a if and only if for
each a′ > a and each τ -open subset V ⊂ Y such that F(x)+ a′B(Y,‖·‖) ⊂ V , there exists a neighborhood U of x such
that F(U) ⊂ V . It follows from that if b < b′ then{
z ∈ Y : d(z,F (x)) b}⊂ F(x)+ b′B(Y,‖·‖) ⊂ {z ∈ Y : d(z,F (x)) b′}.
Observe that if F is a point-valued function and τd is stronger than τ , then F is τ -continuous in x if
and only if osc∗τ (F, x) = 0. If τ = τd then osc∗τ (F, x) is the usual semioscillation given by osc∗(F, x) =
infU∈Ux supy∈U d(F (x),F (y)) where Ux denotes the family of neighborhoods of x.
Clearly, if F is a set-valued τ -upper semicontinuous map, then osc∗τ (F ) = 0. We show in the following example
that the converse is false. Proposition 2.2 provides us with cases where the converse is true.
Example 1. Take X = (C(K),‖ · ‖∞) where K is a compact set and ‖ · ‖∞ is the supremum norm. Take (Y, τ ) =
(RK, τp) and define F :X → P(Y ) by
F(f ) = {f + n: n ∈ N},
where (f + n)(x) = f (x)+ n. We have that osc∗τ (F ) = 0 because
F
(
B(f, ε)
)= F(f )+ εBE.
On the other hand, pick f ∈ C(K), k ∈ K and put
V =
⋃
N
{
g ∈ C(K): g(k) ∈ (f (k)+ n− 1/n,f (k)+ n+ 1/n)}.
F (f ) ⊂ V , V is τ -open but for each ε > 0, F(B(x, ε)) is not contained in V so F is not τ -upper semicontinuous.
Proposition 2.2. Let X be a topological space, (Y, τ ) a normed space, τ a vector topology on Y coarser than the
norm topology and F :X → P(Y ) a set-valued map. If osc∗τ (F ) = 0 and F(x) is τ -compact for x ∈ X, then F is
τ -upper semicontinuous.
Proof. Pick x ∈ X and V ⊂ Y a τ -open set such that F(x) ⊂ V . We have to find an open set U ⊂ X such that
F(U) ⊂ V . Since osc∗τ (F ) = 0 it is enough to find r > 0 such that F(x)+ rBY ⊂ V , i.e., it is enough to prove that
d
(
F(x),Y\V )> 0.
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zn /∈ V such that ‖yn − zn‖ < 1/n. Since F(x) is τ -compact, there exist y ∈ F(x) and a subnet {ni : i ∈ I } of N such
that
τ - lim
i∈I yni = y. (2.1)
We claim that y is a cluster point of (zn)n. Fix W a τ -neighborhood of 0. Since Y is a topological vector space, there
exists a τ -neighborhood W ′ of 0 such that W ′ + W ′ ⊂ W . Since the topology associated to ‖ · ‖ is stronger than τ ,
there exists n ∈ N such that 1
n
BY ⊂ W ′. By (2.1) there exists ni > n such that yni ∈ y +W ′. Then
zni ⊂ yni +
1
ni
BY ⊂ yni +
1
n
BY ⊂ yni +W ′ ⊂ y +W ′ +W ′ ⊂ y +W
so the claim is proved. Then y ∈ {zn: n ∈ N} ⊂ Y\V , but this is impossible because y ∈ F(x) ⊂ V . So d(F (x),
Y\V ) > 0. 
Next easy lemma will be used in the proof of Proposition 2.3.
Lemma 1. Let G be a finite dimensional normed space and 0 < a < b. Then there exists a finite set S ⊂ BG such that
for each
z ∈ G∗ with |z(s)| a for all s ∈ S
we have that
‖z‖ < b.
Proof. Fix ε > 0 such that a/(1 − ε) < b. There exists a finite set S ⊂ BG such that
BG ⊂
⋃
s∈S
B(s, ε). (2.2)
Let z ∈ G∗ be any linear form such that |z(s)|  a for each s ∈ S. We will prove that ‖z‖ < b. There exists x ∈ BG
such that ‖z‖ = z(x). By (2.2), there exists s ∈ S such that ‖x − s‖ ε. Then
‖z‖ = z(x) ∣∣z(s)∣∣+ ∣∣z(x − s)∣∣ a + ε‖z‖,
so
‖z‖ a
1 − ε < b. 
Proposition 2.3. Let X be a topological space, E a Banach space, E∗∗ the bidual space of E and f :X → E∗∗ a
function. Then, for every x ∈ X
osc∗w∗(f, x) = sup
y∗∈BE∗
osc∗(y∗ ◦ f,x), (2.3)
where w∗ denotes the weak star topology in E∗∗.
Proof. Without loss of generality, we may assume that f (x) = 0.
First we are going to prove that osc∗w∗(f, x)  sup osc∗(y∗ ◦ f,x). Clearly, we can suppose that osc∗w∗(f, x) < b
with b finite. We have to prove that
osc∗(y∗ ◦ f,x) b
for each y∗ ∈ BE∗ . By Remark 2.1, if V is a w∗-open sets such that b ·BE∗∗ ⊂ V , there exists a neighborhood U of x
such that f (U) ⊂ V . Fix ε > 0, y∗ ∈ BE∗ and put now
W = {y∗∗ ∈ E∗∗: ∣∣y∗∗(y∗)∣∣< b + ε}.
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y∗ ◦ f (U ′) ⊂ (−b − ε, b + ε) so osc∗(y∗ ◦ f,x) b + ε and since this is true for all ε > 0, then osc∗(y∗ ◦ f,x) b.
If supy∗∈BE∗ osc
∗(y∗ ◦ f,x) = +∞ the equality (2.3) trivially holds. So suppose now that supy∗∈BE∗ osc∗(y∗ ◦
f,x) < b′ < b ∈ R. Let V ⊂ E∗∗ be a w∗-open subset such that b ·BE∗∗ ⊂ V . We look at E∗∗ as a subspace of RBE∗ ,
then for each z ∈ b ·BE∗∗ there exists a w∗-open neighborhood of z
Vz = E∗∗ ∩
∏
y∗∈BE∗
Azy∗ ⊂ V
with each Azy∗ open in R and A
z
y∗ = R for all y∗ ∈ BE∗\Tz where Tz is a finite subset of BE∗ . Since b · BE∗∗ is
w∗-compact, there exist z1, z2, . . . , zn ∈ b · BE∗∗ such that b · BE∗∗ ⊂ V ′ :=⋃ni=1 Vzi ⊂ V . Put T =⋃ni=1 Tzi . If
y∗ ∈ BE∗\T and 1 i  n, Aziy∗ = R and so
Vzi =
( ∏
y∗∈T
A
zi
y∗ ×
∏
y∗∈BE∗\T
R
)
∩E∗∗.
Consequently
b ·BE∗∗ ⊂ V ′ =
((
n⋃
i=1
∏
y∗∈T
A
zi
y∗
)
×
∏
y∗∈BE∗\T
R
)
∩E∗∗ ⊂ V. (2.4)
Define G = spanT and W = {y∗∗ ∈ E∗∗: |y∗∗(y∗)| b for y∗ ∈ BG}. If z ∈ W , by the Hahn–Banach theorem, there
exists z′ ∈ b ·BE∗∗ such that z′|G = z|G. By (2.4), z′ ∈ V ′ and thus
(
z(y∗)
)
y∗∈T =
(
z′(y∗)
)
y∗∈T ∈
n⋃
i=1
∏
y∗∈T
A
zi
y∗ .
Hence z ∈ V ′ ⊂ V . Our argument above for each z ∈ W implies that W ⊂ V . By Lemma 1, there exists a finite set
S ⊂ BG such that if
y∗∗ ∈ E∗∗ and ∣∣y∗∗(y∗)∣∣ b′
for each y∗ ∈ S, then y∗∗ ∈ W . On the other hand, since
sup
y∗∈BE∗
osc∗(y∗ ◦ f,x) < b′,
for each y∗ ∈ S there exists Uy∗ a neighborhood of x in X such that
y∗ ◦ f (Uy∗) ⊂ (−b′, b′)
and then,
f
( ⋂
y∗∈S
Uy∗
)
⊂ W ⊂ V.
We have proved that osc∗w∗(f ) b and the proof is finished. 
Next proposition is proved with similar arguments to those in Proposition 2.3 but using the result by Wallace that
states that if Ki is a compact subspace of a topological space Xi for i ∈ I and W is a open subset in the product space∏
i Xi , then there exist open subsets Ui ⊂ Xi for i ∈ I such that Ui = Xi for almost all i ∈ I and∏
i∈I
Ki ⊂
∏
i∈I
Ui ⊂ W,
see [7, p. 186].
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topology in RY . Then
osc∗τp (f, x) = sup
y∈Y
osc∗(πy ◦ f,x), (2.5)
where the map πy :RY → R is given by h → h(y).
We note that if X is a topological space, (Y, d) a metric space, τ1, τ2 two topologies in Y such that τ2 is stronger
than τ1 and F :X → P(Y ) a set-valued map, then
osc∗τ1(F ) osc
∗
τ2(F ). (2.6)
It is well known that if a set-valued map F :X → P(Y ) from a first countable space into a topological space is
upper semicontinuous whenever for each sequence (xn)n that converges to some x ∈ X if zn ∈ F(xn), n ∈ N, we have
{zn: n ∈ N} ∩ F(x) = ∅.
The following proposition gives a similar characterization for the τ -semioscillation.
Proposition 2.5. Let X be a first countable space, x ∈ X, (Y, τ ) a topological space, d a metric on Y and F :X →
P(Y ) a set-valued map. Given a  0 the following statements are equivalent:
(i) for each sequence (xn)n that converges to x ∈ X, zn ∈ F(xn) and a′ > a
{zn: n ∈ N} τ ∩
{
z ∈ Y : d(z,F (x)) a′} = ∅;
(ii) osc∗τ (F, x) a.
Proof. (ii) ⇒ (i) Suppose that osc∗τ (F )  a < a′. Fix a sequence (xn)n ⊂ X that converges to x. Suppose that for
each n there exists zn ∈ F(xn) such that
{zn: n ∈ N} τ ∩
{
z ∈ Y : d(z,F (x)) a′}= ∅.
Then {
z ∈ Y : d(z,F (x)) a′}⊂ Y\{zn: n ∈ N} τ .
Since osc∗τ (F ) < a′ there exist a neighborhood U of x such that
F(U) ⊂ Y\{zn: n ∈ N} τ .
On the other hand, since (xn)n → x, there exists n such that xn ∈ U and then
zn ∈ F(U) ⊂ Y\{zn: n ∈ N} τ ,
a contradiction.
(i) ⇒ (ii) Fix a′ > a and suppose that for each sequence (xn)n that converges to x ∈ X and zn ∈ F(xn),
{zn: n ∈ N} τ ∩
{
z ∈ Y : d(z,F (x)) a′} = ∅. (2.7)
Suppose that there exists a τ -open set V ⊂ Y such that{
z ∈ Y : d(z,F (x)) a′}⊂ V
and F(U)  V for each neighborhood of x. Let {Un: n ∈ N} be a basis of neighborhoods of x. Then there exist
xn ∈ Un and zn ∈ F(xn) such that zn /∈ V . Since V is a τ -open set we get that
{zn: n ∈ N} τ ∩
{
z ∈ Y : d(z,F (x)) a′}⊂ {zn: n ∈ N} τ ∩ V = ∅
but this is impossible by (2.7). So osc∗τ (F, x) a′. Since we can do it for all a′ > a the proof is complete. 
Remark 2.6. Observe that similarly to Remark 2.1, if Y is a topological vector space and d is the metric induced by
a norm ‖ · ‖ we can change the statement (i) in Proposition 2.5 by
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{zn: n ∈ N} τ ∩
(
F(x)+ a′B(Y,‖·‖)
) = ∅.
3. τ -semioscillation and distance to B1(X,E)
A family A of subsets of a topological space X is said to be discrete if each x ∈ X has a neighborhood in X that
intersects at most one member of A. In order to study distances to B1(X,E), we will use the following notions.
Definition 2. Let X be a topological space.
(i) An indexed family {Xi : i ∈ I } of subsets of X is said to be discretely σ -decomposable (d.σ .d) if for each i ∈ I
we have Xi =⋃{Xi,n: n ∈ N}, where the family {Xi,n: i ∈ I } is discrete for every n ∈ N.
(ii) An indexed family {Xi : i ∈ I } of subsets of X is said to be a good partition of X if it is a d.σ .d family of
Fσ -subsets of X such that Xi ∩Xj = ∅ if i = j and X =⋃i∈I Xi .
Remark 3.1. Let X be a topological space:
(i) If {Xi : i ∈ H } is a good partition of X, and for each i ∈ I {Y ij : j ∈ Ji} is a good partition relative to the subspace
Xi , then it is easy to check that {Y ij : i ∈ I, j ∈ Ji} is a good partition of X (see [9, Lemma 5]).
(ii) If A= {Xn: n ∈ N} is a countable partition of X by Fσ sets, then A is a good partition of X. Note now that any
countable partition of sets is d.σ .d.
Proposition 3.2. (See [10, Proposition 3].) Let X be a metric space and E a Banach space. If f :X → E is constant
on the sets of a good partition, then f is a Baire one function.
When reading [5, Corollary 4.2] bearing in mind [2, Proposition 1.18] we obtain:
Proposition 3.3. (See [2].) Let E be a Banach space and z ∈ E∗∗. Then
d(z,E) = 1
2
osc(z),
where z is considered a function on (BE∗ ,w∗).
The following lemma will be used in the proof of Theorem 3.4.
Lemma 2. Let E be a Banach space, E∗∗ the bidual space, (zn) a sequence in E∗∗ and y ∈ E∗∗. Put d =
supN d(zn − y,E) and a = d(y, {zn: n ∈ N}w∗). Then for each ε > 0 there exists z ∈ conv{zn: n ∈ N} with
‖y − z‖ 2d + a + ε.
Proof. Without loss of generality, we can suppose that y = 0 and d, a < +∞. Fix ε > 0, since d(y, {zn: n ∈ N}w∗) =
a, then
y = 0 ∈ {zn}n w∗ +
(
a + ε
4
)
BE∗∗ . (3.1)
For each n ∈ N there exists yn ∈ E such that ‖yn − zn‖ < d + ε/4. Then
{zn}n w∗ ⊂ {yn}n +
(
d + ε
4
)
BE∗∗
w∗
= {yn}n w∗ +
(
d + ε
4
)
BE∗∗
so by (3.1)
0 ∈ {yn}n w∗ +
(
d + a + ε
)
BE∗∗ = {yn}n +
(
d + a + ε
)
BE
w∗
.
2 2
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0 ∈ {yn}n +
(
d + a + ε
2
)
BE
w
⊂ conv{yn}n +
(
d + a + ε
2
)
BE
w
.
By Hahn–Banach theorem,
0 ∈ conv{yn}n +
(
d + a + ε
2
)
BE
w
= conv{yn}n +
(
d + a + ε
2
)
BE
‖·‖
.
So there exists h ∈ conv{yn}n such that ‖h‖ < d + a + 3ε/4. If we suppose that h =∑mi=1 λiyni with each λi ∈ [0,1]
and
∑m
i=1 λi = 1, then
z =
m∑
i=1
λizni ∈ conv{zn}n
and clearly ‖z − h‖ < d + ε/4. So
‖y − z‖ = ‖z‖ ‖h‖ + ‖h− z‖ < d + a + 3ε
4
+ d + ε
4
= 2d + a + ε,
and the proof is concluded. 
If F :X → P(Y ) is a set-valued map, we denote by
Sel(F ) = {f :X → Y : f is a selector of F }.
We prove now one of the main results in this paper.
Theorem 3.4. Let X be a metric space, E a Banach space and E∗∗ the bidual space. If F :X →P(E∗∗) is a set-valued
map then
d
(
Sel(F ),B1(X,E)
)
 3
2
sup
{
osc z: z ∈ F(X)}+ 2 osc∗w∗(F ),
where z ∈ F(X) ⊂ E∗∗ is considered a function on (BE∗ ,w∗).
Proof. Clearly we can suppose that sup{osc z: z ∈ F(X)} and osc∗w∗(F ) are finite. Put a > a′ > osc∗w∗(F ) and d >
sup{osc z: z ∈ F(X)}. Since X is a metric space, there is a σ -discrete base U =⋃n∈N Un for X with each Un discrete.
For each U ∈ U choose and fix xU ∈ U and zU ∈ F(xU ). Define the function fn :⋃ Un → E∗∗ as
fn(x) = zU if x ∈ U ∈ Un.
Put Mx = {n ∈ N: fn(x) is defined} for x ∈ X. By construction, there exists a sequence (xm)m convergent to x and
zm ∈ F(xm) for m ∈ N such that
(zm)m ⊂
{
fn(x): n ∈ Mx
}
.
Then, by Proposition 2.5
{fn(x): n ∈ Mx}w
∗ ∩ (F(x)+ a′BE∗∗) = ∅. (3.2)
By Proposition 3.3, d(z,E) = 1/2 osc(z) for all z ∈ E∗∗. Then, for each U ∈ U there exists yU ∈ E such that ‖yU −
zU‖ < d/2. Put
jn(x) = yU if x ∈ Un ∈ U and n ∈ Mx.
Then ‖jn(x)− fn(x)‖ < d/2 for all x ∈ X and n ∈ Mx so
{fn(x): n ∈ Mx}w
∗ ⊂ {jn(x): n ∈ Mx}+ d BE∗∗
w∗
= {jn(x): n ∈ Mx}w
∗ + d BE∗∗ .2 2
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({
jn(x): n ∈ Mx
}w∗
+ d
2
BE∗∗
)
∩ (F(x)+ a′BE∗∗) = ∅
and so
{jn(x): n ∈ Mx}w
∗ ∩
(
F(x)+
(
d
2
+ a′
)
BE∗∗
)
= ∅.
On the other hand, osc(jn(x)− z) d and then, by Proposition 3.3
d
(
jn(x)− z,E
)
 d/2
for all n ∈ Mx and z ∈ F(x). Now Lemma 2 applies to ensure the existence of some k ∈ conv{jn(x): n ∈ Mx} such
that
k ∈ F(x)+
(
3d
2
+ a
)
BE∗∗ .
Clearly, we can take k as a convex combination with rational coefficients. Let {gm: m ∈ N} be the set of finite rational
convex combinations of (jn)n. From what we have proved above, for each x ∈ X, there exists m ∈ N such that gm(x)
is defined and
gm(x) ∈ F(x)+ (3d/2 + a)BE∗∗ .
Define for each m ∈ N
Am =
{
x ∈ X: gm(x) is defined and gm(x) ∈ F(x)+ (3d/2 + a)BE∗∗
}
.
Then
⋃
m∈NAm = X. By construction, there exists Vm a discrete family of open sets such that
⋃Vm = dom(gm) and
such that gm is constant in V for all V ∈ Vm. Since X is metric, open sets are Fσ sets and Remark 3.1(ii) implies that
gm is constant on the sets of a good partition. Denote gVm the constant value of gm in V . Then
Am =
⋃
V∈Vm
(
V ∩ {x ∈ X: gVm ∈ F(x)+ (3d/2 + a)BE∗∗}).
If we define now
Bm =
⋃
V∈Vm
(
V ∩ {x ∈ X: gVm ∈ F(x)+ (3d/2 + a)BE∗∗}),
the discreteness of Vm implies that Bm is the intersection of an open set and a closed set. Consequently Bm ∈Fσ ∩Gδ .
Since Am ⊂ Bm, then ⋃m∈NBm = X. Define h :X → E by
h(x) = gm(x) if x ∈ Cm = Bm\
⋃
k<m
Bk.
Since Bm ∈ Fσ ∩ Gδ , each Cm is a Fσ set too and so by Remark 3.1(ii), the family {Cm: m ∈ N} is a good partition.
Since gm is constant on the sets of a good partition of Cm, by Remark 3.1(i), h is constant on the sets of a good
partition of X and then by Proposition 3.2, h ∈ B1(X,E).
Now we will prove that d(h,SelF) 3d/2 + 2a. To this end, it is enough to prove that h(x) ∈ F(x) + (3d/2 +
2a)BE∗∗ . By the definition of h and Bm we only have to prove that if
x′ ∈ {x ∈ X: gVm ∈ F(x)+ (3d/2 + a)BE∗∗}, (3.3)
then
gVm ∈ F(x′)+ (3d/2 + 2a)BE∗∗ .
Our reasoning is by contradiction. Suppose the latter is false. Then,
F(x′)+ aBE∗∗ ⊂ E∗∗\B
(
gVm;3d/2 + a
)
.
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F(W) ⊂ E∗∗\B(gVm;3d/2 + a). (3.4)
On the other hand, by 3.3, there exists x ∈ W such that
gVm ∈ F(x)+ (3d/2 + a)BE∗∗ ⊂ F(W)+ (3d/2 + a)BE∗∗ .
Thus F(W)∩B(gVm;3d/2 + a) = ∅, which is a contradiction with (3.4), that finishes the proof. 
In particular, from Proposition 2.3 and Theorem 3.4 we obtain:
Corollary 3.5. (See [1, Corollary 5.3].) Let X be a metric space, E a Banach space and f :X → E∗∗ a function, then
d
(
f,B1(X,E)
)
 (3/2) sup
x∈X
osc
(
f (x)
)+ 2 sup
x∗∈BE∗
osc∗(x∗ ◦ f ),
where f (x) is considered a function on (BE∗ ,w∗).
Corollary 3.6. Let X be a metric space and E a Banach space. If F :X →P(E) is a set-valued map then
d
(
Sel(F ),B1(X,E)
)
 2 osc∗w(F ).
Proof. It is very easy to check that if we consider the w∗ topology in the bidual space then osc∗w∗(F ) osc∗w(F ) so
by Theorem 3.4
d
(
Sel(F ),B1(X,E)
)
 2 osc∗w∗(F ) 2 osc∗w(F ). 
In the following theorem, τ = σ(E,B) where B ⊂ BE∗ is a boundary (i.e., for each x ∈ E there exists b ∈ B such
that x(b) = ‖x‖) and σ(X,B)-relatively countably compact bounded sets are w-relatively compact. This happens for
B the set of extreme points of the dual ball (see [3]), for any boundary B when E = C(K) for some compact set K
(see [4]) or for any boundary when (BE∗ ,w∗) is angelic (see [6]).
Let us observe that τ is weaker than w, consequently by (2.6)
osc∗τ (F ) osc∗w(F )
so next result strengthens previous corollary.
Theorem 3.7. Let X be a metric space, E a Banach space and τ = σ(E,B) where B ⊂ BE∗ is a boundary such that
σ(X,B)-relatively countably compact bounded sets are w-relatively compact. If F :X → P(E) is a set-valued map
then
d
(
Sel(F ),B1(X,E)
)
 2 osc∗τ (F ).
Proof. We use ideas from [10]. We can suppose that osc∗τ (F ) < a′ < a with a finite.
Case (I): Suppose that there exists M > 0 such that F(x) ∩ MBE = ∅ for x ∈ X. Since X is a metric space,
there is a σ -discrete base U =⋃n∈N Un for X with each Un discrete. For each U ∈ U choose and fix xU ∈ U and
zU ∈ F(xU )∩MBE . Define the function fn :⋃ Un → E as
fn(x) = zU if x ∈ U ∈ Un.
If Mx = {n ∈ N: fn(x)} is defined by construction, there exists a sequence (xm)m convergent to x and zm ∈ F(xm) for
m ∈ N such that
(zm)m ⊂
{
fn(x): n ∈ Mx
}
.
Then, by Proposition 2.5, for each subsequence (zmk )k of (zm)m
{zmk : k ∈ N} τ ∩
(
F(x)+ a′BE
) = ∅. (3.5)
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{fn(x): n ∈ Mx}w ∩
(
F(x)+ a′BE
)= ∅. (3.6)
Then {zmk : k ∈ N} ∩ (F (x)+ a′BE) = ∅ for all subsequence (zmk )k of (zm)m. By (3.5) each subsequence (zmk )k has
a τ -cluster point in F(x)+ a′BE so {zm: m ∈ N} is a relative τ -countably compact and bounded set and so is weakly
relatively compact. Then
{zm: m ∈ N} τ = {zm: m ∈ N}w ⊂ {fn(x): n ∈ Mx}w,
but this is impossible by (3.5) and (3.6). Then we have proved that{
fn(x): n ∈ Mx
}
w ∩ (F(x)+ a′BE) = ∅.
By Lemma 2, there exists k ∈ conv{fn(x): n ∈ Mx} such that
k ∈ F(x)+ aBE.
Now we can proceed as in the proof of Theorem 3.4 to prove that there exists a function h :X → E that is constant on
the sets of a good partition such that d(h,Sel(F )) 2a.
Case (II): The general case. Let us define
Tn =
{
x ∈ X: F(x)∩ nBE = ∅
}
.
Pick x′ ∈ Tn. We claim that
F(x′)∩ (n+ a)BE = ∅.
By contradiction suppose that this is false. Then F(x′)+ aBE ⊂ E\nBE so there exists a neighborhood U of x′ such
that F(U) ⊂ E\nBE . Since x′ ∈ Tn, there exists x ∈ U such that F(x) ∩ nBE = ∅, a contradiction so the claim is
proved. The sequence H1 = T1, Hn = Tn\Tn−1 for n  2 is a good partition of X. By case (I) for each n ∈ N there
exists a function hn :Tn → E that is constant on the sets of a good partition of Hn and d(h,Sel(F |Hn)) 2a. Now we
can define h :X → E as
h(x) = hn(x) if x ∈ Hn.
By Remark 3.1(ii), h is constant on the sets of a good partition of X and clearly d(h,Sel(F )) 2a. 
4. Null τ -semioscillation and selectors
Theorem 3.4 and Corollary 3.5 tell us that if F :X → P(E) is a map from a metric space into a Banach space such
that osc∗w(F ) = 0 or osc∗w∗(F ) = 0 then
d
(
Sel(F ),B1(X,E)
)= 0;
we do not know if F has a Baire one selector. Srivatsa proved in [11] that if F is w-upper semicontinuous then F
has a Baire one selector. In Theorem 4.1 we prove that if F only satisfies that osc∗w(F ) = 0 but requiring that F takes
closed values then F has a Baire one selector. We need the following lemma.
Lemma 3. Let X be a metric space, E a Banach space and E∗∗ the bidual space. Let F :X → P(E) ⊂ P(E∗∗) be a
set-valued map such that osc∗w∗(F ) = 0. Let h :X → E be a function that is constant on the sets of a good partition
of X and ε > 0 such that
B
(
h(x), ε
)∩ F(x) = ∅
for x ∈ X. If δ > 0, then there exists a function h′ :X → E that is constant on the sets of a good partition such that
(i) ‖h(x)− h′(x)‖ ε for all x ∈ X, and
(ii) B(h′(x), δ)∩ F(x) = ∅.
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h|Xi is constant for each i ∈ I . By Remark 3.1(i) it is enough to construct h′ on each Xi separately so we can assume,
without loss of generality, that h takes the constant value c in X.
Since X is a metric space, there is a σ -discrete base U =⋃n∈N Un for X with each Un discrete. For each U ∈ U
choose and fix
xU ∈ U and zU ∈ F(xU )∩B(c, ε).
Since Un is a discrete family, we can define the function fn :
⋃Un → E∗∗ as
fn(x) = zU if x ∈ U ∈ Un.
Put Mx = {n ∈ N: fn(x) is defined} for x ∈ X. By construction, there exists a sequence (xm)m convergent to x and
zm ∈ F(xm) for m ∈ N such that the sequence (zm)m ⊂ {fn(x): n ∈ Mx}. Then, by Proposition 2.5
{fn(x): n ∈ Mx}w∗ ∩
(
F(x)+ δ
3
BE∗∗
)
= ∅.
By Lemma 2, there exists k ∈ conv{fn(x)}n, a convex combination with rational coefficients, such that
k ∈ F(x)+ 2δ
3
BE∗∗ .
Let {gm: m ∈ N} be the set of finite rational convex combinations of (fn)n. From above, for each x ∈ X there exists
m ∈ N such that gm(x) is defined and gm(x) ∈ F(x)+ 2δ3 BE∗∗ . Define for each m ∈ N
Am =
{
x ∈ X: gm(x) is defined and gm(x) ∈ F(x)+ 2δ3 BE∗∗
}
.
Then
⋃
m∈NAm = X. Let Vm be a discrete family of open sets such that gm is constant in V for all V ∈ Vm and such
that
⋃Vm = dom(gm). Since X is metric, open sets are Fσ sets so by Remark 3.1(ii) gm is constant on the sets of a
good partition. Denote gVm the constant value of gm in V . Then
Am =
⋃
V∈Vm
(
V ∩
{
x ∈ X: gVm ∈ F(x)+
2δ
3
BE∗∗
})
.
If we define now
Bm =
⋃
V∈Vm
(
V ∩
{
x ∈ X: gVm ∈ F(x)+
2δ
3
BE∗∗
})
,
the discreteness of Vm implies that Bm is the intersection of an open set and a closed set, and so Bm ∈Fσ ∩ Gδ . Since
Am ⊂ Bm, then ⋃m∈NBm = X. Define h′ :X → E by
h′(x) = gm(x) if x ∈ Cm = Bm\
⋃
k<m
Bk.
Each Cm is a Fσ set so by Remark 3.1(ii), {Cm: m ∈ N} is a good partition. Each gm is constant on the sets of a
good partition so by Remark 3.1(i), h′ is constant on the sets of a good partition. By construction it is clear that
‖h′(x) − h(x)‖ ε. Now we have to prove that h′(x) ∈ F(x) + δBE∗∗ . By the definition of h′ and Bm we only need
to prove that if
x′ ∈
{
x ∈ X: gVm ∈ F(x)+
2δ
3
BE∗∗
}
, (4.1)
then
gVm ∈ F(x′)+ δBE∗∗ .
Suppose that this is false. Then, F(x′) + δ3BE∗∗ ⊂ E∗∗\B(gVm; 2δ3 ) but since osc∗w∗(F ) = 0 and B(gVm; 2δ3 ) is w∗-
closed, there exists a neighborhood W of x′ such that
F(W) ⊂ E∗∗\B
(
gVm;
2δ
)
. (4.2)3
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gVm ∈ F(x)+
2δ
3
BE∗∗ ⊂ F(W)+ 2δ3 BE∗∗
so F(W)∩B(gVm; 2δ3 ) = ∅, a contradiction with (4.2). 
Theorem 4.1. Let X be a metric space, E a Banach space and E∗∗ the bidual space. Let F :X → P(E) ⊂ P(E∗∗)
be a set-valued map with osc∗w∗(F ) = 0. If F(x) is closed for all x ∈ X, then F has a Baire one selector.
Proof. By the proof of Theorem 3.4 there exists a function h1 that is constant on the sets of a good partition of X
such that
B
(
h1(x),1
)∩ F(x) = ∅
for all x ∈ X. Applying Lemma 3 we can construct by induction a sequence (hn)n of Baire one maps satisfying
(i) ‖hn(x)− hn+1(x)‖ 1/2n and
(ii) B(hn(x),1/2n)∩ F(x) = ∅.
Define f :X → E as f (x) = limn hn(x). Then since F(x) is closed for all x, by (ii) f (x) ∈ F(x). By (i) f is the
uniform limit of (hn)n and then f is a Baire one function. 
Corollary 4.2. Let X be a metric space, E a Banach space and E∗∗ the bidual space. Let F :X → P(E) be a
set-valued map such that osc∗w(F ) = 0. If F(x) is closed for all x ∈ X, then F has a Baire one selector.
The following corollary follows from adapting proofs of Lemma 3 and Theorem 4.1 in the same way we prove
Theorem 3.7 adapting proof of Theorem 3.4.
Corollary 4.3. Let X be a metric space, E a Banach space and τ = σ(E,B) where B ⊂ BE∗ is a boundary such
that σ(X,B)-relatively countably compact bounded sets are w-relatively compact. Let F :X →P(E) be a set-valued
map such that osc∗τ (F ) = 0. If F(x) is closed for all x ∈ X, then F has a Baire one selector.
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